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INTRODUCTION 
The methods of analysis and design procedures used in the 
study and synthesis of servomechanisms have been fully discussed 
in numerous books and periodicals. However, in the majority of 
these discussions it is assumed that the only torques acting on 
the output member of the servomechanism are the torque generated 
in the servo motor and the torque derived from the moment of inertia 
and viscous friction associated with the output member when the 
output member is in motion. However in many applications of servo- 
mechanisms such is not the case. For example, in the case of a 
servo controlled radar antenna there is also a torque acting to 
turn the antenna which is produced by the action of the wind on the 
antenna itself. In this case the total torque which acts to deter- 
mine the position of the antenna is a function of the wind velocity 
as well as a function of the setting of the antenna positioning 
indicator and the moment of inertia and viscous friction associated 
with the antenna mount, gear train and drive motor. It is the 
purpose of this discussion to analyze the effects of such a torque 
which is produced in the output member of the servomechanism and 
to discuss various methods of minimizing this effect. 
In this discussion only those servomechanisms whose operating 
characteristics satisfy the following conditions will be considered. 
(a) The power supplied to the output member by the servo motor 
is a contirnious function of the system error. 
(b) The system, in the absence of a torque load output dis- 
turbance, will exhibit no steady state error for a constant value 
of input. 
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(c) The system is stable. 
(d) All elements of the system operate within their linear 
range. 
For purposes of analysis the concept of the system transfer 
function will be used (James, Nichols and Phillips, 1947, p. 58; 
Brown and Campbell, 1948, p. 84). In general, for any stable 
system having only one input and one output the transfer function 
may be defined as the ratio of the Laplace transform of the input 
to the transform of the output when the input and output are ex- 
pressed as functions of time and when the magnitude of the input 
is zero for time less than zero. The transfer function diagram 
of a typical servomechanism is shown in Fig. 1. where 
ails) is the Laplace transform of the servomechanism input 
function Gi(t), 
80(s) is the Laplace transform of the servomechanism output 
function 8o (t) 
Ee(s) is the transform of the error function Ee(t) between 
the system input and output, i.e. Ee(t) = 8i(t) - 80(t) 
Y(s) is the transfer function of the system elements between 
the differential element and the point of appearance of 
the output. Y(s) is defined in such a way that Go(s) = 
E 
e 
(s) Y(s) 
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Fig. I 
The symbol noted as a differential in Fig. 1 will be used through- 
out the following discussion to symbolize any element whose function 
is the combining of two inputs such that the output from the ele- 
ment is equal to the difference between the inputs. 
Since go(s) = Ee(s) and Ee(s) Ai(s) - 420(s) 
Y(s) 
Qo(s) = Ai(s) . . (1) 
1 +Y(s) 
and the overall input to output transfer function of the system 
becomes 
6o(s) Y(s) 
. 
(la) 
44(s) 1 + Y(s) 
DERIVATION OF THE FORM OF THE TRANSFER 
FUNCTION DIAGRAM TO INCLUDE THE EFFECT 
OF A TORQUE LOAD DISTURBANCE 
For purposes of analysis it is convenient to first examine 
the operating characteristics and to then derive the transfer 
function of the servomechanism power output member or servo motor. 
In a typical servomechanism the net torque appli9d to the output 
shaft is balanced at any instant by an equal and opposite torque 
made up of two components. The first component is that resulting 
from the viscous friction associated with the output member. It 
is assumed that all dry friction has been eliminated. This rela- 
tionship may be expressed mathematically as shown in (3) 
d280(t) dQ0(t) 
Tm(t) TL(t) J + f . (3) 
dt2 dt 
where Tm(t) is the torque developed by the servo motor and ex- 
pressed as a function of time, 
TL(t) is any extraneous torque which is developed in the 
output member itself and which may be expressed as a 
function of time alone. 
J is the moment of inertia of the output member 
f is the coefficient of viscous friction acting on the output 
member 
80(t) is the angular displacement of the output member ex- 
pressed as a function of time. 
Taking the Laplace transform of (3) and setting Go(t = 0) and 
dA0(t = 0) 
dt 
equal to zero 
Tm(s) TL(s) = J s2 80(s) +f s 8o(s) . . (4) 
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and thus 
1 
Go(s) - T m (s) + T L (s) . . (4a) 
s(Js f) 
An equivalent transfer function diagram representing the expression 
of (4a) is shown in Fig. 2. 
T. Tm(s)+TL(s) 1 
s(Js + f) 
surriing element 
Fig, 2 
Thus a servomechanism output member which is subjected to load 
torque disturbances may be represented by the transfer function, 
1 
s(Js f) 
, a summing element and two input torques, Ta(s) and 
TL(s). The symbol noted as a "summing element" in Fig. 2 will 
henceforth be understood to refer to an element which will pro- 
duce a single output equal to the sum of two inputs applied to 
the elements. It is apparent that Tm(s) is same function of 
Em(s), the input to the servomotor. It is also apparent that the 
form of the servomotor transfer function Tm(s) will not be the 
Em(s) 
same for all the various types of servomotors (e.g. armature volt- 
6 
age controlled DC motor, field voltage controlled DC motor, hy- 
draulic motor, etc.) that might be used. Moreover, as will be 
shown, it is in many cases impossible to represent the servomotor 
input versus torque relationship by a simple transfer function of 
Tm(s) 
the form 
Em(s) 
For purposes of illustration the transfer function and equiva- 
lent transfer function diagram of a DC motor with constant field 
current and a variable armature voltage will be derived. The in- 
put to the motor is assumed to be a voltage, Em(t), which is ap- 
plied to the armature terminals. If the operating characteristics 
of the motor are linear then 
Tm(t) KO Ia(t) (5) 
where Ia(t) is the armature current, expressed as a function of 
time, 
0 is the magnitude of the constant field flux 
K is a constant of proportionality. 
The equivalent circuit of the motor as viewed from the armature 
terminals is shown in Fig. 3 where La and Ra are the armature 
inductance and resistance and Eb(t) is the back e.m.f. of the 
motor expressed as a function of time. 
Ra La 
Fig. 3 
Thus 
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Em(t) = Ra Ia(t) La 
dIa(t) 
dt 
Eb(t) . (6) 
But, assuming linearity, Eb(t) is proportional to the magni- 
tude of the flux 0 and the angular speed of rotation of the motor 
d 4700(t) 
dt 
Therefore 
d 0 
o 
(t) 
Eb(t) = K 0 
dt 
or combining constants 
d 80(t) 
E (t) Kt b( - 
- b dt 
Substituting this expression for Eb(t) in (6) 
dIa(t) d Ao(t) 
Em(t) = Ra Ia(t) La Elb 
dt dt 
. (7) 
Taking the Laplace transform of the equation and solving for 
Ia(s) (7a) is obtained. 
Em(s) - Kibs Q0(s) 
Ia(s) 
L a s R a 
. 
(7a) 
By combining the constants (5) may be written in the form 
Tm(t) = 10mItt(t) 
and taking the Laplace transform 
Tm(s) = Kim Ia(s) . (5a) 
Substituting (7a) in (5a) and rearranging terms the following 
expression is obtained. 
Rt 
Tm(s) = 
m 
[Em(s) - Elba 90(s)j . (8) 
LaS Ra 
8 
The relationship expressed in (8) can be represented by the transfer 
function diagram shown in Fig. 4. 
E ( T (s) 
00(s) 
Fig. h. 
Combining Fig. 4 with Fig. 2, Fig. 5 is obtained as the complete 
transfer function diagram for an armature voltage controlled DC 
servomotor and load with torque load disturbances acting on the 
output member. 
Em(s)  ) Tm(s) 
La s + 11, s(J s + f) 
,/ 
b s 
Fig. 5 
go(s) 
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It is of particular interest to note that, in this case, it 
was necessary to represent a DC motor by a feedback system. Exam- 
ination of (7) shows that this configuration is dictated by the 
fact that the motor armature current Ia(t) is not only a function 
of the input voltage, Em, but is also a function of the speed of 
dA0(t) 
rotation of the motor, . If Tm is defined as the developed 
dt 
torque of the motor it is impossible to formulate an input torque 
T (s) 
transfer function of the form m f(s), when f(s) is a function 
Em(s) 
of the system parameters and 3 alone. Of course, in the case where 
the torque load TL is negligible, a single overall servomotor trans- 
fer function o (s) may be obtained by combining the transfer 
Em(s) 
function blocks of Fig. 5. 
In general, if a servomotor with a sloping speed torque char- 
acteristic, such as is shown in Fig. 6 curves (a) and (b), is to 
be studied with reference to torque load effects in a servomechan- 
ism, it must be broken down into an equivalent transfer function 
diagram of the general type sham in Fig. 5. 
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4) 
0 
O 
Ts0) 
O 
rS 
Speed of rotation, 
dA0(t) 
dt 
Fig. 6 
Only in the case of a characteristic as shown in curve (c) of Fig. 
6 would the simpler diagram Which neglects feedback effects be a 
satisfactory representation of the servomotor with torque load 
disturbances. 
It is possible to simplify the form of the transfer function 
diagram by suitable manipulation of the transfer function blocks 
shown in Fig. 5. However, when this simplification has been made, 
it is impossible to locate on the diagram the exact input voltage 
to armature current transfer function block or the actual current 
to torque block in the order in which they would exist in the 
block diagram of the motor itself. This, of course, is no real 
disadvantage once the fundamental farm of the diagram is understood. 
Referring to the Fig. 5 
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r Ktm 
Tm(s) = m(s) - Rtbs 4)0(s. 
II Las+ Ra 
This relationship is maintained in the diagram of Fig. 7 where the 
position of the differential has been shifted but the feedback 
transfer function has been changed so that the overall transfer 
function remains uncharged. 
Fig. 7 
Since the functions of the summing and differential elements are 
linear it is possible to reverse their relative positions as is 
shown in Fig. 8. 
Fig. 8 
Q0(s) 
The transfer function of the entire feedback section of 
A(s) 
Fig. 8 may now be written, where the function A(s) has no real 
physical significance except as a combination of certain other 
functions and parameters. 
Qo(s) La s + Ra 
. (9) 
A(s) s [(J s + f)(La s + Ra) + Kb' Kinti 
Thus the transfer function of the servo motor operating under load 
disturbance conditions may be redrawn as shown in Fig. 9 and the 
new expression for 80(s) as a function of Em(s) and TL(s) is 
Lint Emt (s) 
TL (s) Las + Rai 
- 
Las + Ra 
Qo(s) - 
s [(J s + f)(La s + Ra) + Kbf Ent] 
(10) 
12 
13 
sin( ) n 
La s R a 
La s + Ra 
s (J s + f) (La s + Ra) K 
Fig, 9 
00(s) 
Equation 10 could, of course, have been derived directly by 
combining (3), (5), and (7). However, the method of approach 
illustrated will allow a closer correlation between the transfer 
function diagram and the actual system component block diagram. 
In the case of more complex servo motor transfer functions an 
analysis of the type shown is a particularly valuable aid to under- 
standing the manner in which the individual motor parameters enter 
into the overall motor transfer function. 
In practical servomechanism studies the time constant of the 
La 
armature circuit, i.e. ----, is often so small as to have negli- 
Ra 
gible effect on the overall system performance. In this case the 
dI (t) 
term La ---a---- in (6) may be neglected and (10) becomes 
dt 
[ 
Kmt 
Em(s) +TL(s) Ra 
Ka- 
go(s) = (10a) 
s [(J s f) Ra Km3 
which upon dividing both numerator and denominator by Ra becomes 
Q0(s) a 
Km' 
Ra 
Em(s) TL(s) 
s s f) Kbt Kmt 
. (lob) 
Ra 
1Cmt Kb' Km' 
After making the substitutions --- = Km and = Kb and 
Ra Ra 
rearranging terms the following expression for Q0(s) is obtained. 
Km Em(s) +TL(s) 
Q0(s) 
J 
f Kb 
Equation 11 may be represented by the transfer function diagram 
of Fig. 10. 
s + 11 (f Kb) 
. (11) 
Km 
1 
f Kb 
1 
1 
f 
J 
s - s + 1 
4. Kb 
Fig. 3_0 
Bo( s) 
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It is aC interest to note that Kb is the slope of the speed vs. 
developed torque characteristic shown in Fig. 6. Also Km' is the 
slope of the stall torque vs. input voltage characteristic of the 
motor. In fact, if Km and Kb are defined in this manner and load 
torque disturbances are assumed to be negligible, the transfer 
function 
Em (s) 
Go (s) 
(f ' Kb) s 
J 
s -I- 1 
f Kb 
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for the entire servo motor and load maybe derived directly. 
There are, of course, many different special transfer function 
diagrams which could be derived for different types of servo motors 
which operate in conjunction with torque load disturbances. How- 
ever, the gereral method of attack for the analysis of such a 
system has been illustrated and by following the procedure given 
it is possible to develop the diagram for any linear servo motor 
when the motor parameters are known either directly or with refer- 
ence to the speed versus torque curves for the motor. Additional 
information on the various types of servomotors may be found in 
James, Nichols and Phillips (1947, p. 103); Brown and Campbell 
(1948, p. 128). 
Generally the servo motors encountered in practice can be 
represented by a transfer function diagram of the type shown in 
Fig. 10. For this reason it will henceforth be assumed that this 
transfer function diagram is a satisfactory representation of the 
particular servo motors to be considered in this discussion. 
THE EXPRESSION FOR THE SERVOMECHANISM OUTPUT 
IN TERMS OF THE TORQUE LOAD DISTURBANCE FUNCTION 
It will be assumed that the servo motor with torque loading 
may be represented by two transfer function blocks Ym (s) and Yo(s) 
of the general type shown in Fig. 9 or Fig. 10. 
Em(s) 
If Ya(s) 
Ee(s) 
where Ya(s) is the transfer function of all the elements in 
the system between the point of appearance of the error 
function, Ee(s) and the servo motor, then the transfer 
function diagram of the servomechanism which is sub- 
jected to torque load disturbances is as shown in Fig. 11. 
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ei(8) Ee(s) 
(8) 
Ya(s) Ym(s) Yo(s) ) 
Fig. 11 
As shown in Fig. 11, the torque load disturbance, TL(s), may be 
handled as an additional input to the servomechanism. 
In accordance with Fig. 11 
Qo(s) 0 [Ya(s) Ym(s) Ee(s) -FT/J(8)] Yo(s) 
00(s) 
and since 
Eels) = 8i(s) - 80(s) 
Ya(s) Ym(s) Yo(s) 
Q0(s) 
1 + Ya(s) Ym(s) Yo(s) 
Yo(s) 
1 +Ya(s) Ym(s) Yo(s) 
It will be noted that the servomechanism output is made up of two 
independent components, one of which results fran the input Q. and 
the other from the "unwanted input", TL. This separation of the 
response into two independent parts is in accordance with the 
"superposition theorem" Which states that "In any linear system, 
the output is the sum of the outputs due to each of the individual 
inputs taken separately." Equation 12 may also be written in the 
TL(s) . (12) 
form 
Go(s) 
1 +Ya(s) Yo(s) Ym(s) 
Ya(s) Yo(s) Ym(s) 
Ya(s) Ym(s) Yo(s) 
Qi(s) 
1 
1 Ya(s) Ym(s) Yo(s) Ya(s) )Em(s) 
Since the overall input to output transfer function of the system 
is 
17 
TL(s) . . (12a) 
eo(s) Ya(s) Ym(s) Yo(s) 
8i(s) 1+ Ya(s) Ym(s) Yo(s) 
The torque load to output transfer function may be written in the 
form 
8o( s) 1 
TL(s) Qi(s) Ya(s) Ym(s) 
. (13) 
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In accordance with (13) it is seen that, whenever the servomechanism 
which is being acted upon by a torque load disturbance, TL(t), is 
represented by a transfer function diagram of the type shown in 
8o(s) 
Fig. 11, the transfer function may be obtained directly by 
TL(s) 
Qo(s) 
dividing the transfer function by the transfer function of 
Gi(s) 
the elements in the system which occurs ahead of the TL(s) inputs. 
It will be noted that the sign of the right side of (13) is deter- 
mined only by the arbitrary selection of the sign of TL(t) in (3). 
Had TL(t) been defined as -TL(t), the summing element in Fig. 2 and 
Fig. 4 would have been shown as a differential. This in turn would 
have resulted in a negative sign in place of the positive sign on 
the second term in (12) and the right side of (13). 
It is of interest to note that, even though the system is 
further complicated by the inclusion of stabilizing feedback loops 
around the point of load torque input, the form of (13) is un- 
changed. To illustrate, the transfer function diagram of Fig. 12 
is the same as that of Fig. 11 except for the addition of the feed- 
back element with a transfer function, Yf(s). 
19 
ei(s) Ee s7 
Vs) Yn(s) 
Y (s) 
Yo(s) 
Fig. 12 
In accordance with Fig. 12 
Oo(s) 5[8i(s) - 80(4 Ya(s) - Ye(s) 8o(s] Ym(s) + 
TL(s) Y 
o 
(s). J (14) 
on rearranging terms 
Go(s) 
Ya(s) yin(s) Yo(s) 
1 + Ya(s) Ym(s) Yo(s) + Yf(s) Ym(s) Yo(s) 
Yo(s) 
. 
1 + Ya(s) Yri(s) Yo(s) + Yr(s) Ym(S) Yo(S) 
TL(s). (14a) 
The first part of (14a) is in accord with the results derived else- 
where James, Nichols and Phillips (1947, p. 134); i.e., the trans - 
8o(s) 
fer function, -------, is equal to the straight through transfer 
Gi(s) 
function of the system divided by one plus the sum of the transfer 
functions taken completely around each of the various feedback 
20 
loops. Thus, here again, 
Qo(s) °o(s) 1 
. (13) 
TL(s) Oi(s) Ya(s) Ym(s) 
In the case of a system containing even another loop the transfer 
Qo(s). 
function, , will still be of the form shown in (13). 
TL(s) 
THE EFFECT OF THE STEADY STATE COMPONENT 
OF THE TORQUE LOAD DISTURBANCE 
In some particular servomechanism applications the torque load 
acting on the output member may be made up of a non varying compo- 
nent plus additional components of higher frequency. A torque load 
of this type is shown in Fig. 13 where the torque load, TL, is 
plotted as a function of time. 
non varying. 
coqoonent 
tine , t 
Fig. 13 
23. 
In this case if the non varying component were of large magnitude, 
it would be desirable for the servomechanism control characteristic 
to be of such a nature as to completely eliminate the error result- 
ing from the non varying component of the load torque. The form of 
the servomechanism transfer function required to completely elim- 
inate the effect of this component of torque will now be derived. 
Since all elements in the servomechanism are assumed to be 
linear, the operating characteristics of each element can be ex- 
pressed in the form of a linear differential equation with constant 
coefficients of the form 
dilBi(t) dn-1E i ftl dEi(t) 
a + k E0(t) 
- n-l- dtm dt dt 
where Ei(t) and E0(t)'are respectively the input to the element 
and the output from the element expressed as a function of time. 
Thus the transfer function of any element in the servomechanism 
f(s) 
will be of the farm K where f(s) and g(s) are polyomials 
srg(s) 
in s of the form fmsm +fm_ism-1 + - - - fis + 1 and gnsn + 
gn-ls n-1 + - - - g1s + 1, r is an integer and k is a constant. 
It is apparent that in the case of two elements in cascade, the 
overall transfer function woald be the product of the two individual 
transfer functions and thus would also be of the general form 
f(s) 
K 
srg(s) 
If the substitutions 
Ya(s) Ym(s) = K1 
fl(s) 
and Yo(s) f2(s) = K2 
sPg1(s) scig2(s) 
are made in (12) the expression for Q0(s) in terms of Qi(s) and 
TL(s) may be written in the form 
fi(s) f2(s) 
KiK2 
K2 
sq g2(s) 
fi(s) f2(s) 
1 
+ K1K2 sP q gi(s) g2(s) 
f 2 (s) 
- fi(s) f2(s) 
1 K1K2 
sP4-cl gi(s) g2(s) 
If the numerator and denominator of both terms on the right side 
of this expression are multiplied by sP+q, the following expression 
is obtained. 
Qi(s) 
T L (s) . (15) 
K1K2 hi(s) h2(s) 
Qo(s) 
sP4c1 +K1K2 hi(s) h2(s) 
K2 sP h2(s) TL(s) . (15a) 
sP+ci K1K2 hl(s) h2(s) 
where hi(s) = fi(s) and h2(s) = f2(s) 
22 
g1(s) g2(s) 
Referring to the term in 15a which gives-the component of 
go(s) resulting from the input, Qi(s), and assuming 8i(t) to be 
a step function of magnitude Qi at t = 0, then, for TL(s) = 0.1 
K1K2 hi(s) h2(s) 
sIl+q + K1K2 hi(s) h2(s) 
1011 (16) 
lA unit step function, U(t), is a function defined in a manner 
such that U(t) = 0 for t < 0 and U(t) = 1 for t > 0. The Laplace 
transform of the unit step function is 1/s. 
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It may be shown that, when the indicated limits exist, the follow- 
ing expression is valid (James, Nichols, and Phillips, 1947, p. 55). 
lim f(s)] = lim [F(t) 
8-4-0 
there f(s) is the Laplace transform of F(t). 
Thus, from (16) 
K1K2 hl(s) h2(s) !Gil 
lim 80(t) = lim s . (17) 
t--00 s--4-0 
_ 
sP+ci +K1K2 hi(s) h2(s) s._, 
Since lim hi(s) = 1 and lim h2(s) = 1, (17) may be reduced 
s---1-0 s----o-0 
to the form 
KlK 
lim Go(t) = lim 2 141/41 
S -4." 0 2P 4q + K1K2 
. (17a) 
In order that the system exhibit zero steady state error 
lim Go(t) = Gi therefore the coefficient of Gi in 17a must 
t °° 
approach unity as s approaches zero as a limit. In order that 
this condition be satisfied 
lim sP4-cl = 0 and p+q>. 0 
S 0 
Similarly, if 8i(s) is set equal to zero and TL(t) is taken 
as a step function of magnitude TL at time t 0, (18) is ob- 
tained. 
lim Go(t) = lim 
K2 sP h2(s) 
51:01. + K1K2 hi(s) h2(s) s 
. (18) 
If the steady state component of TL(t) is to have no effect on 
the system output, Go(t), the right side of (18) must vanish as 
s approaches zero as a limit. Therefore, since lim sPrfq = 0, 
S 
24 
lim sP mg 0 and p > 0 
In the case where the system contains an internal feedback 
loop as shown in Fig. 12 a similar procedure may be followed in 
determining the requirements for zero steady state torque load 
effect. Here again, it is found that assuming Yf(s) is of the 
form required for zero steady state system error with TL = 0, p 
must be a positive integer. 
In accordance with the foregoing analysis the general cri- 
terion for zero steady state torque load effect may be now stated 
in the following form. 
For a servomechanism to exhibit no system error due to the 
steady state component of load torque, the overall transfer function 
of the elements shown ahead of the point of application of the load 
torque on the system transfer function diagram must be of the form 
f(s) 
, where r is an integer greater than zero. 
sr g(s) 
f(s) 
As was shown, Yo(s) will in general be of the form 
s g(s) 
i.e., the exponent q in (15) will be unity. Since for zero steady 
state torque load effect the exponent p in Ya(s) Ym(s) must be 
an integer greater than zero, p+q in Ya(s) Ym(s) Yo(s) must be 
at least two. That is, referring to Fig. 11 or Fig. 12, 
f(s) 
Ya(s) Ym(s) Yo(s) = K . (19) 
s2 g(s) 
where f(s) fmsm fm ,ism-1 +... . . fi s + 1 
g(s) gnSn gn-1811-1 +. glS 1 
and K is a constant, generally referred to as the frequency invar- 
25 
cant gain or simply the gain of the elements. This result is in 
accordance with the statement often heard in connection with servo- 
mechanism work, namely that, "An infinite velocity constant system 
is unaffected by a load torque of constant magnitude."2 
Referring to (15) the stability of such a system may be in- 
vestigated by setting TL(s) - 0 and taking Ai(t) as a unit impulse 
occurring at time t = 0. 3 Upon making this substitution 
fi(s) f2(s) 
00(s) 
K1 K2 
8/341 gl(s) g2(s) 
fl(s) f2(8) 1 + Ka. K2 
81341 gl(s) g2(s) 
or, upon rearranging terms, 
El E2 fi(s) f2(8) 00(s) = . (20) 
gl(s) g2(s) K1 K2 fl(s) f2(s) 
Since fl(e), f2(s), gl(s) and g2(s) are general polynomials 
in s as shown in (19), the products fi(s) f2(s) and gi(s) g2(s) 
will also be polynomials of the sane general form. That is 
fi(s) f2(8) fusu + fu_isn-1 + + fu_wsu-w + 
f 1 s + 1 
2The velocity constant of a servomechanism is defined as the 
reciprocal of the steady state error which results from the appli- 
cation of an input of constant velocity. (James, Nichols and Phil- 
lips, 1947, p. 145). 
3A unit impulse is a function of infinite amplitude and in- 
finitesmal duration defined such that the time integral of the 
function from minus to plus infinity is unity. An impulse of 
strength other than unity is defined such that its time integral 
is equal to the strength of the impulse (Goldman, 1949, p. 100.) 
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gl(s) g2(s) = gvsv+ gv-is 
v-1 4, 
gv-x8 
v-x 
gls 1 
where fn_w and gv..x are constants. 
In accordance with "Routh's Stability Criterion" the system 
defined by (20) will under no conditions be stable if the coeffi- 
cient of any power of s in the denominator of (20) is zero (Routh, 
1877). That is, for the system to be stable a term in each power 
of s from sP4q to s° must be present when the denominator of (20) 
is expanded into polynomial form. This in turn requires that the 
exponent u in the expansion of fl(s) f2(s) be not less than p-Rq-1. 
As was shown previously p +q will generally be equal to two in 
systems designed for zero steady state torque load effect. Thus, 
in this case, fl(s) f2(s) would have to contain only a term in the 
first power of s. Therefore 
+ + 
as + 1 
Ya(s) Ym(s) Yo(s) = Kl K2 
s gl(s) g2(s) 
where fl (s) f2(s) = as 1 and a f 0. 
It will be noted that the form of gl(s) g2(s) is unimportant 
except that if any term in the expansion of gl(s) g2(s) is miss- 
ing, then fl(s) f2(s) must contain a term of the form fp+ur s p+q-Fr 
where r is the power of s in the missing term of gl(s) g2(s). 
This is however a trivial case since, in a practical network 
f(s) and g(s) are always made up of terms of the form 
(als + 1)(a2s + 1) (ans 1) where all the coefficients 
al . . . an are real numbers. 
Actually the mere existence of a term as 1 in the numerator 
of (21) is a necessary rather than a sufficient condition for 
. (21) 
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stability of the system. In addition certain requirements must 
be placed on the magnitude of the constant (a) in relation to the 
magnitude of the other constants in (21). This relationship may 
Qo(8) 
best be studied by plotting the transfer function on the 
Ee(s) 
s plane and applying the Nyquist Stability Criterion (James, 
Nichols and Phillips, 1947, p. 70; Brown and Campbell, 1948, 
p. 170). In reference to this plot it will be noted that the 
term (as + 1) is needed to produce the positive phase shift in the 
6o(s) 
high frequency region required in order that the plot of ------- 
E (S) 
will not encircle the point (-1 j0). 
The design and construction of an element having a transfer 
as 1 
function of t'-le form Y(s) a presents a rather complex 
problem when this element must be included ahead of the servo 
motor. When an element has such a transfer function it has the 
properties of a true integrator since, if f(s) is the Laplace 
1 
transform of F(t) then --- f(s) is the transform of /F(t) dt 
(Churchill, 1944, p. 39). In the case of the servo motor this 
integration is inherent in the action of the motor. That is, 
integration occurs when the shaft torque produced in the motor 
produces a rotation of the motor shaft. However, when it is 
desired to include such an element at a point in the system where, 
for example, both the input and output must be time variations 
of a voltage, a rather complex circuit is required (Brown and 
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Campbell, 1947, p. 206; Korn, 1948, p. 124). 
In many cases it is possible to obtain a satisfactory servo- 
mechanism without completely eliminating the effect of the steady 
state load torque even though such a torque does act on the output 
member of the system. In particular, if the magnitude of the 
steady state component is not too great it may be possible to 
construct a servomechanism Which will reduce the error resulting 
from the non varying torque load component to a value below the 
maximum allowable steady state error which may exist in the system. 
Whenever possible this type of system is used since it does not 
necessitate the inclusion of the additional integrator element. 
An expression for the error resulting from the application 
of a steady state load torque to a servomechanism without the 
additional integrating element will now be derived. 
In the system Shown in Fig. 11 if Qi(s) = 0 then 
Yo(s) 
eo(s) = 
1 +Ya(s) Ym(s) Y0(3) 
TL(s) 
. (22) 
fl(s) f2(s) 
Setting Ya(s) Ym(s) = Ki , Yo(s) = K2 and 
gl(s) s g2(s) 
taking TL(t) to be a step function of magnitude TL occurring at 
time t = 0, the following expression is obtained. 
f2(s) 
Go(s) 
K2 
s g2(s) ITLI 
1 Kl K2 
fl(s) 12(s) 
s gl(s) g2(s) 
. (22a) 
If this expression is multiplied by s and the limit taken as s 
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approaches zero, the limit of 80(t) as t approaches infinity is 
obtained. Therefore, since lim f(s) and lim g(s) are unity, 8-4-0 
lim Q0(t) = lim 
-0-0 
1 
K2 - -- 
s 
1 
1+ K1 K2 --- 
s 
I TL I 
which, upon multiplying both numerator and denominator by s, becomes 
K2 
lim Q0(t) = lim JTLI 
t-4- co s +K1 K2 Kl 
where ITLIss is the magnitude of the steady state component of the 
torque load. But far Ails) = 0 the magnitude of the steady state 
error in the system, Ee is equal to the steady state value of 
ITLIss 
the output lim Go(t) . Therefore 
ITLIss 
Ee ss 
K 1 
Thus, in accordance with (23), in a servomechanism which does not 
have a true integrating element ahead of the point of load torque 
application, the error resulting from the action of a steady state 
component of load torque on the output member of a servomechanism 
is inversely proportional to the gain of all the elements in the 
system which are represented as being ahead of the point of torque 
application on the transfer function diagram. In the case of the 
system with an internal feedback loop the result given in (23) is 
also obtained. 
In the majority of servomechanisms the load is connected to 
the motor through a gear train. Since for a given magnitude of 
. (23) 
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system error, the speed of rotation of the motor shaft is generally 
much greater than the desired load speed, a speed reduction gear 
train is generally included in the system between the servo motor 
and the load. A servomechanism utilizing such a gear train is 
generally represented by a transfer function diagram such as that 
shown in Fig. 14 where Ya(s) is the transfer function of all the 
elements in the system ahead of the servomotor, Ymo(s) is the com- 
bined transfer function of the motor and load and N is the speed 
reduction gear ratio. In this representation the moment of inertia, 
J, and the friction coefficient, f, of the load and the gear train 
are referred to the motor shaft where the corresponding terms for 
the motor, gear train and the load may be lumped into two constants 
J and f. 
Ya(s) o(s) 
1 
it 
go(s) 
Fig. 1/1 
If the effect of torque load disturbances is to be considered, 
Ymo(s) must be divided into two parts and, for the case of the DC 
motor with negligible armature inductance, may be represented as 
shown in Fig. 10. However, in this case the load torque acting 
T L (s) 
on the motor shaft is rather than TL(s) since the torque 
N 
when referred to the motor shaft is reduced by a factor of N, the 
gear train ratio. If the motor with its associated gear train and 
load were included in a simple servomechanism which had only an 
amplifier of gain Ka and negligible time delay ahead of the motor, 
the overall servomechanism transfer function diagram would be as 
shown in Fig. 15. 
P, 
f Kb 
s 
f + Kb 
1 
N 
Fig. 15 
From (23) the expression for the error due to the steady state 
component of load torque is obtained as 
IE Iss 
ITLIss 
Ka Km N 
Referring to the diagram of Fig. 15 it is apparent that for a 
given servomechanism input to output response two conditions must 
be met regardless of the gear train ratio N. These are, first, that 
31 
Go(s) 
. (24) 
J 
the ratio must be held constant and second, that the 
f Kb 
Ka Km 
overall system gain 
N (f + Kb) 
the moment of inertia of the entire output member referred to the 
motor shaft, this term will vary approximately as the inverse square 
of the gear train ratio if it is assumed that the moment of inertia 
of the load when referred to the motor shaft is much greater than 
the corresponding terms associated with the gear train and the 
motor itself. Thus the term (f + Kb) must also vary as the inverse 
square of N if the ratio is to be held constant. That is, if N1 
and N2 are two different gear ratios being investigated for use 
in a particular case and fl, Kbl, f2 and Kb2 are the values of f 
and Kb associated with the two cases then 
fl +Kba. N22 
must be held constant. Since J is 
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or 
+Kb2 N 1 2 
N2 2 
fl +Kb1 
N12 
(f 
2 
u 
+ Ku 
2 
) . . (25) 
Also, since the overall gain of the system is to be held constant, 
the gain for the two cases must be equal. Thus 
Kal Km1 Ka2Km2 
N1 (f1 + Ibbi) N2 (f2 + Kb2) 
. (26) 
After substituting (25) for (f1 + Kb].) in (26) and rearranging 
terms 
N2 
Kai Kra Aa2 KM2 
N 1 
. (27) 
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From (24) it is seen that, for a given value of steady state torque 
load, the ratio of the steady state errors for the two cases is 
kelssl Ka2 Km2 N2 
lEelss2 Kal Kral N1 
If (27) is substituted for Kai Kn2 N1 in this expression the final 
expression for the ratio of the steady state error is obtained as 
. (28) 
lEelssl Ka2 K1012 N 2 
)E01552 N 2 
K EITI2 
1 
N 
Nl a2 
Thus in accordance with (29) the error due to a steady state load 
torque is, to a first approximation, independent of the gear ratio 
for a given servomechanism response characteristic. 
In a practical case of this type it will be noted that, as the 
gear ratio N is raised the decrease in the value of J would probably 
be somewhat less than predicted by the inverse square law assumed 
in this analysis. This difference would be due to the increased 
inertia associated with the higher ratio gear train. However, the 
higher ratio gear train would also require a higher speed motor. 
For a given motor power rating, the moment of inertia of the motor 
armature is found to vary approximately as the inverse cube of the 
speed for motors with power ratings above about one horse power 
and at a slower rate for motors in the fractional horsepower class. 
Thus it is seen that if the inertia of the load as referred to the 
motor shaft were not much greater than the inertia of the gear 
train and motor itself the assumption of an inverse square law 
variation in J might be considerably in error. It, therefore, 
becomes apparent that, in the practical case, the effect of each of 
1 
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the components making up the term J must be carefully investigated 
in order to determine the actual variation in J for a change of 
the gear train ratio. No further analysis of this particular 
problem will be made here. However, in view of (29), it is clear 
that the steady state error resulting from a steady state component 
of load torque is at least not directly affected by changes in the 
gear ratio. 
THE EFFECT OF TIE COMPONENT OF THE TORQUE LOAD DIS- 
TURBANCE WHICH VARIES AS A RANDOM FUNCTION IN TIME 
Thus far the effect of the torque load disturbance has been 
analyzed only with reference to the steady state component of 
torque. In practice a torque load of this type is seldom encount- 
ered and the load torque will in general be composed of one or 
more periodic components and a randomly varying component as well 
as the steady state component. Such a torque load disturbance 
plotted as a function of time might be as shown in Fig. 13. 
For the present it will be assumed that it is possible to 
represent the torque load disturbance by some general function in 
time TL(t), and further, that by means of the Fourier integral, 
TL(t) may be expressed as a combination of periodic functions of 
ua 
frequency 
---- . 
When expressed in this form the general torque 
21T 
disturbance will be written TL(jua) where 
co 
TL(jui) TL(t) e-jultdt. 
-co 
Actually it is immediately apparent that this integral does 
not converge unless TL(t) approaches 0 as t approaches infinity. 
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In general such will not be the case. However, for purposes of 
first analysis it will be assumed that the integral is taken over 
a finite range so large that, for all practical purposes, this 
integral does give a satisfactory approximation to the true spect- 
rum. This particular problem will be treated at length in a later 
section of this discussion. 
The function of TL (jua) is said to be the Fourier transform 
of TL(t) and could be described as the frequency spectrum of the 
torque load disturbance in that it defines TL(t) particular 
complex function of ua. The amplitude of the fun, any 
value of ua ual is the magnitude of the component of the fre- 
ual 
quency spectrum having a frequency and the phase angle 2x 
associated with each component is given by the are tangent of the 
ratio of the imaginary to the real component of TL(Jual). 
It can be shown that, if the variable s in the transfer 
function of any sustem is replaced by the variable jut, the 
resulting expression is the frequency response function of the 
system (Brown and Campbell, 1948, p. 96). In particular, if Yp(s) 
is the transfer function of a system, than Yp(jua) is the fre- 
quency response function of the system. It will be noted that 
Y (jua) is really the ratio of the steady state output to input 
of the system when the impedances of the circuit are expressed in 
the conventional form used in standard alternating current cir- 
cuit theory. Thus if a sinusoidal input of amplitude Eq and fre- 
quency fq were applied to the system having a transfer function 
Yp(s), the steady state output of the system would be Eq Yp(jtuq) 
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where lug 2Tif . In fact it can be shown that the general ex- 
pression for the spectrum or "Fourier transform" of the output 
is given by 
E0(jua) = Yp(jua) Ei(jua) . . . 
. (30) 
where Ei(jua) and E0(jui) are the Fourier transforms of the input 
and output functions Ei(t) and E0(t), respectively (James, Nichols 
and Phillips, 1947, p. 48). Of course this expression is seen to 
be valid only when Yp(s) defines a stable system. 
In the study of any particular servomechanism problem it is 
convenient to deal almost exclusively with the frequency response 
functions of the system rather than with the transfer functions. 
Generally the relationship between the various system parameters 
and the input to output response of the system can best be studied 
by a graphical manipulation of the plots of the frequency response 
functions of the various system components when the logarithm of 
the amplitude (or its equivalent in decibels) and the phase of 
the function are plotted on a linear vertical scale and ua is 
plotted on a logarithmic horizontal scale (Brown and Campbell, 
1948, p. 236; James, Nichols and Phillips, 1947, p. 169). If the 
product of two functions is to be taken the result is given by 
the graphical sum of the decibel amplitude plots and the phase 
plots for the two functions. Thus, referring to (30), if the 
decibel magnitude and phase of the function Ei(jua) were plotted 
versus log wand these plots were added to the corresponding plots 
for the function Y (jua) in (30) then the resultant would be the 
decibel amplitude and phase plots of the output function E0(jul). 
It was previously shown that 
[ 80(s) Go(s) 1 j . . (31) TL(s) 8i(s) Ya(s) Ym(s) 
where Ya(s) Y m (s) is the transfer function of all the elements 
ahead of the point of application of the load torque disturbance 
as shown on the transfer function diagram. Thus, frcm (13 and (30) 
[ Qo(J111 ) 1 
go(313-1 ) = 
Gi(jua ) Ya(jul.) Ym(jui ) 
TL (Jul) . (31) 
In any servomechanism design study the input to output response 
Go ( Jul ) 
function is obtained by a graphical manipulation of the 
Qi(jui) 
type described above. This function is the overall input to output 
response function of the servomechanism. Since Ya(s) Ym(s) is of 
fl(s) 
the general farm K1 , (31) may be written in the form 
sP g1(s) 
[ Go( ) ( gi( Jul ) 
Qi(illa) K1 fl(im) 
3'7 
TL(jui) . . (31a) 
From (31a) it is apparent that the magnitude of the output response 
Go(jui) is inversely proportional to Ki for any particular set of 
9o(j) ) 
functions , TL(jua), and . It will be 
Gi(jza) (jul)P gi(jtu) 
noted that this variation with respect to Ki is the same as was 
derived for the case of the steady state camponent of torque when 
the value of the exponent p in (31a) was taken as zero. This is 
as would be expected since, if p = 0, and, in the case of the 
steady state component of torque Lu = 0, then 
fl( ) 
( )1) gi( ) 
1 
Also, in view of condition (b) of the introduction, for atm 0 
Go(Jul) 
1 
Therefore, for to = 0 
Go (jui ) 
TL(jul) 
K1 
Since ua 0 this expression is equivalent to the expression given 
in (23). Actually the value of TL(jua) for ua 0 is implicitly 
expressed in the general function TL(jua). Thus it is seen that 
the result given in (23) is really a special case of the more 
general expression (31). 
As was maationad previously the representation of the torque 
load disturbance TL(t) by the function TL(jui) will not always 
be possible since, if %(jui) is defined by the integral 
TL(jui) 
o0 
TL(t) e-Jultdt 
. (32) 
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-co 
TL(t) must vanish as t approaches infinity in order that the 
integral converge. It is apparent that, in practice, the function 
TL(t) is generally of the type which would not vanish as t approaches 
infinity. In this case it has been found convenient to treat the 
function TL(t) as a power distribution function in ua rather than 
as an amplitude function and phase function as defined by the 
Fourier integral. This power distribution function, here written 
as T L (111)sd, is generally referred to as the spectral density of 
the function TL(t). 
This function may be defined in the following manner. If a 
voltage E(t) is applied to a unit resistance, and the spectral 
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density function associated with the voltage E(t) is E(ua) &cis then 
the average power dissipated in the resistance over the angular 
frequency interval uito uu + dui is E(ua )sddul On the basis of 
this definition it may be shown that 
1E(jui )1 2 
E(ua)sd = lim 
t -IP- co 2 rt t 
. (33) 
where E(jui) is the Fourier transform of the function E(t). 
A detailed mathematical analysis of this function as related to the 
study of the response of a servomechanism to a general input is 
given in the following reference (James, Nichols and Phillips, 
1947, Chapters 6, 7, and 8). The method of calculating the spect- 
ral density function for any particular set of data is also given 
and for purposes of this discussion it will be assumed that the 
farm of the function has already been determined for the particular 
problem to be considered. In particular this discussion will be 
concerned with the methods of minimizing the effect of a general 
torque load disturbance after having previously determined the 
spectral density function for the torque load disturbance. 
There are however certain important features of the spectral 
density function as related to the study of torque load disturb- 
ances which should be noted. Referring to (33) it is immediately 
apparent that the spectral density function E(uu )sd is only a 
magnitude function and is independent of the phase characteristics 
of the function E(jui). This would of course be expected since 
the spectral density function was defined as a power relationship. 
A second feature may also be noted by referring to the orig- 
inal definition given for the function E(ua )sd. For purposes of 
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illustration it will be assumed that the entire spectrum of E(t) 
is made up of only one sinusoidal component of angular frequency 
lul' 
That is E(t) = El sin mit, where El is a constant. In 
this case the average power dissipated in the unit resistance 
would be a constant independent of ua. But, by definition, the 
average power dissipated over the interval tu t° tu +dulls E(ua )sd dul 
Thus the total average power dissipated over all values of ui must 
be 
= 
0 
However in the particular case being considered E(ua) 
sd is zero 
for all values of ui except tu = ui 1. Thus, in order that 7 be 
a constant greater than zero, E(ua )sd must be of the form 
E(ua)sd (>0 for lue ull 
E(111 )sd 
E( )sddlu . ( 34 ) 
0 for uzfi ui 1 
In particular, in accordance with (34) E(ui)ad must be an impulse 
- 
function occurring at ua = till and having a strength of (Gold- 
man, 1949, p. 101). 
Thus it is seen that any hidden periodicities in the function 
E(t) will exhibit themselves as impulse functions in the spectral 
density function E(ua )8d. It is of interest to note that, in the 
case of a torque load disturbance having a steady state component, 
the spectral density function of the torque load would exhibit an 
impulse function at ui = 0. 
Referring again to the spectral density function as defined 
by (33), it can be shown that, if Y(s) is the transfer function 
of a particular system, the output spectral density function 
Bo(tl)sd which results from an input having a spectral density 
Ei(m)sd is given by 
Eo(ul )sd IY(ial )1 2 E1(111)sd . . . (35) 
where Y(jux) is the frequency response function of the system 
(James, Nichols and Phillips, 1947, p. 289). This relationship 
affords a rather simple means of evaluating the spectral density 
of the output which results from the application of a torque load 
disturbance having a given spectral density function. 
With reference to (31) it is seen that for a given torque 
load spectral density TL(11.1) the output spectral density is 
given by 
00(11)sd = 
1 
) Ya(jui ) Ym(Jui ) 
2 
T ( )sd (36) 
As was mentioned previously, in a servomechanism design study 
Qo(i111) 
the function is generally obtained in a graphical form 
Qi(jui) 
as a plot of decibel magnitude and phase versus log mt. If the 
decibel magnitude plot of Ya(jux) Ym(jul), i.e. the transfer 
function of all the elements ahead of the point of load torque 
0o(ini 
application, were subtracted from the plot of and the 
Ai(jui) 
resultant decibel magnitude plot were multiplied by a factor of 
two, a decibel magnitude plot of the squared term in (36) would 
be obtained. This plot could then be added graphically to a 
plot of the decibel magnitude of T1, (1u)sd versus log ul to obtain 
41 
42 
the decibel magnitude versus log it plot of Go(lu )8d. In an analysis 
or this type the impulse functions in TL(tu )sd can be ignored 
since the effect of the components of TL(t) which appear as the 
impulse functions can be analyzed separately by methods previous- 
ly described. If TL(t) contains some periodic component of angular 
frequency ml the response of the system to this component may be 
obtained by either substituting the value of ua. 1 in (31) or by a 
study of the graphical relationships representing (31). 
In obtaining the decibel magnitude versus ux plot as given by 
(36) only the relative magnitude of the function above or below 
some reference level need be considered in the actual plotting. 
It is or ten convenient to select as a reference le vel some parti- 
cular value of T L(ux )sd* far example, the average 
value of the 
function. For purposes of this discussion the function will be 
plotted with reference to an arbitrarily selected value of TL(tu 
in which case the function plotted will be 
TLs( 
ul sd 
20 log 
T L (ui 1 ) sd 
)sd 
. (37) 
where T L (ua 1 )sd is the value of the spectral density function 
selected as the reference. In any case it is obvious that all 
plots of TL(uz ) sd regardless of the reference level will have - 
the same shape so that the actual magnitude of the output spectral 
density can be obtained by considering the particular zero decibel 
reference level used. Henceforth in this discussion it will be 
assumed that, unless otherwise specified, the plot given as the 
decibel magnitude plot of TL(tu )sd will actually be the plot of 
the function (37 ) 
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Referring to (31a) it was shown that the magnitude of the 
output resulting from the torque load disturbance was inversely 
proportional to Kl, the gain of all the elements located ahead of 
the point of load torque application on the transfer function 
diagram. Thus from (36) it is seen that the output spectral density 
function magnitude is inversely proportional to the square of this 
constant. The methods of raising the value of this constant, i.e., 
the gain, in a particular servomechanism have been discussed in 
detail in the various publications dealing with the servomechanism 
design problem. For this reason the remainder of this discussion 
will deal mainly with the frequency variant part of the output 
spectral density function. The gain of the system, or more parti- 
cularly, the value of the constant term in Ya(jua. ) Ym(jtu ) will be 
considered only in relation to the magnitude and form of the out- 
put spectral density function plot. 
With reference to (34) the total average power dissipated in 
the unit resistance is given by 15 and in the case of the output 
resulting from a torque load disturbance 
CO 
70 = Qo(ul )sd dui . . . . (38) 
where Glo(ua )ad is as defined in (36). Since 70 is also the square 
of the r.m.s. value of the output function Ao(t), it is of interest 
to determine the function 60(tu )8d which will result in the minimum 
value of To and thus the minimum value of Ao(r.m.s.). From (38) 
it is apparent that ?o is the area under the curve Go(u2.) sd versus 
1 11 and from (36) it is seen that the problem is that of select- 
ing the proper function Ya(jui ) which will result in the smallest 
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average amplitude for the function 90(ua )sd for a given response 
function 'Ym(juu) Yo(jua) and a given servomechanism input to out- 
put response function Go(jua)/Qi(juu). Since the input to output 
response function is also a function of Ya(juu) Yrn(jul) the select- 
ion of this function will of course be a matter of compromise be- 
tween that which would produce the minimum output for the particu- 
lar torque load disturbance and that which would produce the opti- 
mum servomechanism response characteristic as determined by the 
requirements of the particular control problem being studied. From 
(36) it is also seen that the higher the value of the gain in the 
function Ya(jua) Ym(jul) the smaller will be the overall ampli- 
tude of the output function 80(uu )sd However, the value of this 
gain constant is determined by the stability requirements of the 
servomechanism and, for any particular frequency variant component 
of the function Ya(jua) Vjua) Yo(jul) only a certain maximum 
value of gain may be used. 
As was mentioned previously, the actual design study for a 
particular servomechanism would be carried out with the aid of 
decibel magnitude plots and thus, if the torque load disturbance 
is handled graphically by the method outlined previously, the 
plot of 80(1a )sd obtained is a plot of the decibel amplitude of 
the output function. If two plots of 80(uu )sd are to be compared 
with a view toward determining which of the two results in the 
smaller value of 150 the comparison may be accomplished by plot- 
ting the two on the same sheet. Since it is generally convenient 
to neglect the constant terms in the various functions when making 
such a plot it would of course be necessary to shift one of the 
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plots vertically by an amount equal to twice the difference in the 
decibel gains of Ya(jui) Ylpi(jul) for the two cases before comparing 
the two plots obtained. It will, however, be noted that a compari- 
son of two curves of o (ua) sd when plotted on a decibel versus log 
ux coordinate system can lead to a somewhat erronious conclusion. 
In general a much clearer picture of the situation is obtained by 
replotting the functions to a linear scale of amplitude and ua before 
a comparison of the two curves is made. 
In order to illustrate the effect of the general torque load 
disturbance and the methods of reducing such an effect, a particu- 
lar torque load spectral density function will be considered with 
reference to a particular servomechanism problem. It will be 
assumed that the major portion of the power associated with the 
torque load disturbance exists in the lower range of the servo- 
mechanism frequency response range. The impulse function compo- 
nents of the torque load spectral density, which result from a 
steady state periodic components in the torque load disturbance, 
will be neglected since, as was mentioned previously, the 
response resulting from these components may be evaluated separate- 
ly. 
A servomechanism with a transfer function diagram as shown in 
Fig. 16 will be taken as the basis for the study. Specific values 
have been assumed for the various constants in order to facilitate 
the plotting of the various functions. In all cases the amplitude 
plots will be in terms of decibel amplitude versus log Ix. The 
phase angle versus log ux plots will be given only when necessary 
to illustrate certain points of importance in the consideration 
46 
of the torque load disturbance, e.g., where the evaluation of the 
Qo(Jul) 
term in (36) requires a previous determination of certain 
Qi(Jua) 
phase functions. 
Fig. 16 
With reference to Fig. 16 the following constants will be assumed. 
J 
= 1 sec. Km go 1 in.lb./volt 
f + Kb 
in.lb. 
f Kb 1 
rad/seo 
If this system is analyzed by standard methods described in pre- 
viously cited references it is found that an overall gain of 4 db 
will result in an input to output amplitude response curve, shown 
as (a) in Fig. 17. Since the overall gain KaKm 
12 4 db and 
f 
f f Kip = 1 and Km = 1, Ka is found to be 4 db. The curve of 
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Fig. 17 Graphical analysis used to determine 40(uu )sd for a simple servomechanism. 
48 
Q0(.1111) 
Qi(jua) 
this function has a value of unity over the range where the magni- 
tude of the function is appreciable. Since Ya(jux) Ym(jui) is 
in this case the constant term KaKm m 4 db the overall plot of 
2 
is shown as (b) in Fig. 17. It will be noted that 
90(J131) 1 
Ka Km 
2 
is also as shown in (b) of Fig. 17 
1 
if the constant factor of -8 db due to the term is neg- 
(EK)2 
lected in the plotting. 
It will be assumed that the spectral density function TL(ua )sd 
for the case to be considered is as shown in curve (c) of Fig. 17 
where the function TL(u1)3d is plotted as decibels magnitude, with 
respect to some convenient zero decibel level TL(un 
o' 
I 
sds versus 
log uu. It is immediately apparent that the' plot of the function 
o 
(un) sd is identical, at least within the limits of this plot, 
to the plot of the torque load spectral density function Ty(uu )sd 
(4o(j1111) 
since within this region the function is of unit magni- 
Qi(Jua) 
tude. The function 80(u1 )sd is shown as curve (d) of Fig. 17. 
This function when plotted on a linear coordinate system is as 
shown in (a) of Fig. 20. 
Two possible methods of reducing the value of 60(t) r.m.s. 
present themselves. First in accordance with (36) it is seen that 
the magnitude of the function Q0(111 )sd is inversely proportional 
to the square of the gain of the elements located ahead of the 
servomotor. Thus a change of the system which aims toward an in- 
crease in gain should also result in a decrease in the effect of 
the torque load disturbance. Second, referring to curves (c) and 
(d) of Fig. 17 and (a) of Fig. 20 it is also seen that if the peak 
in the curve could be reduced down to about the value of the 
function at to a 0 a considerable reduction in the area under the 
curve and thus the value of Ao(t) r.m.s. would result even though 
tbs gain of the system were not changed. Both methods of reducing 
00(t) r.m.s. will now be considered with reference to the servo- 
mechanism as shown in Fig. 16 and TL(ua )sd as shown in (c) of 
Fig. 17. 
The effect of different methods of raising the gain of the 
system will first be considered. If a network having a transfer 
Ta jua 1 
function Y(jui) a K is inserted in the error channel 
Tb jut 1 
of the servomechanism and the time constants T 
a and T b of the net- 
work are properly selected the maximum allowable gain of the 
system may be raised considerably (Brown and Campbell, 1948, p. 
265). In the case where Ta is greater than Tb the network is 
referred to as the proportional plus derivative network and when 
Ta is less than Tb the network is referred to as the proportional 
plus integral network (James, Nichols and Phillips, 1947, p. 114). 
The circuit diagrams and the asymptotic plots of the decibel ampli- 
tude versus log ua response characteristics associated with these 
two networks is shown in Fig. 18. In the first case to be 
considered the effect of using the proportional plus derivative 
network will be investigated. In connection with the system 
under consideration if Y 
a 
(jui) 
T 
2 
jut+ 1 
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0 
4 
log m 
Proportional plus derivative network 
11'1 
RI Ei 
41 1 
log ta 
Proportional plus integral network 
Fig. 18 Circuit diagrams and asynptotic response 
characteristics for compensation networks 
is the response function of the network where mi = 
1 
T, 
= I and 
1 
2 = 4, it is found that a total gain of 16 db will result 
T2 
G,(jui) 
in a - response similar in shape to that shown as (a) of 
Qi(i111 
Fig. 17 except that the value of m at the peak of the response 
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function was shifted from um si 1.1 as shown in (a) to a value of 
s 5.0. It will be noted that, since for this network all n 1.0, 
the network would have no appreciable effect on the shape of the 
plots of Ys(jum) Yo(jum) in the range below um = 0.1. 
Thus, over the frequency range where the magnitude of TL(um )sd 
is appreciable, the function 
o (Jul) 3. 
(4(.1=) YS.(jum) Ym(jum) 
is merely a constant equal to twice -16 or -12 decibels. The plot 
shown as (b) of Fig. 20 is the linear plot of Q0(um )sd for this 
2 
condition. This plot was obtained by reducing the entire function 
(d) of Fig. 17 by a factor of 32 decibels and then computing the 
magnitude of the function for each value of um. A comparison of 
the area under this curve with that under (a) of Pig. 20 clearly 
shows the large decrease in 00(t)r.m.s. that has been obtained. 
It will be noted that (b) is (a) reduced by a factor of 24 db 
which is twice the difference in the gain for the two cases. 
Sometimes the previous method of raising the system gain is 
not satisfactory in view of the fact that an increase in the 
response range of the servomechanism always accompanies the increase 
in gain. In this case the proportional plus integral network is 
sometimes used since it will result in an increase in the allow- 
able gain without extending the servomechanism response range 
(Brown and Campbell, 1948, p. 265; James, Nichols and Phillips, 
1947, p. 114). The response function for such a network is 
T2jua 1 1 1 
Ya(ium) = K where TI = is greater than T2 r. 
Tijuu 1 ul 1 1122 
The asymptotic plot of this function is shown in Fig. 18. 
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If the magnitude and argument of this function are plotted 
for the arbitrarily selected case where 1112 = 8u1.1, it will be 
noted that an appreciable negative phase shift (about 6.5 degrees) 
occurs even at frequencies as great as 81112 and that the phase 
shift as uu - 41122 is considerable. 
If the response range of the compensated system is to be held 
equal to that for the uncompensated system it is necessary that 
the network not introduce any additional negative phase shift in 
the overall response function Yo.(jua) Yo(jul) in the region near 
) 
the peak of the function as shown in curve (a) of Fig. 
Ai(jux) 
17. Thus for ui2 81111, 11a2 must be made less than 1112 = 0.1. 
From (36) it is seen that, for any given value of ui, 0o(1111)sd 
varies inversely as the square of the magnitude of Ys(jua) Ym(jua). 
Therefore, with reference to the function TL(ua)sd shown as (c) of 
1 
Fig. 17, it is seen that the rise in between ual and 1u2 
Ya(itu ) 
will tend to accentuate the peak in Go(ua )8d at the same time the 
increase in gain tends to reduce the value of 00(ua )sd 
In particular, if ui2 = 0.08 and uk = 0.01 it is found that a 
gain of 22 decibels will result in a response function almost 
identical to that shown as (a) of Fig. 17. 
The function Ao(ua )sd which is obtained for this particular 
set of conditions is plotted as curve (c) of Fig. 20. It will be 
noted that the area under curve (c) is slightly greater than that 
under curve (b). Thus even though the gain of the particular 
integral compensated system here analyzed is 6 decibels greater 
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than the gain for the derivative compensated system, the value of 
ao(r.m.s.) for the integral system is still slightly greater than 
that obtained for the derivative compensated system. This reduction 
in the effectiveness of the increased gain is due solely to the 
accentuation of the peak in 80(ua )8d by the response function of 
the network used. To cite an extreme example of this situation 
curve (c) of Fig. 20 is a plot of the function 00 (m ) sd for the 
case where ual and ua2 in the integral network were taken as 
nal = .0005 and ua2 = .004 where again the total system gain was 
22 decibels. 
With reference to the problem of reduction of the effect 
of a general torque load disturbance by increasing the gain of the 
system a partial criterion for the selection of the method of 
compensation may be formulated in view of the previous illustra- 
tions. Certainly for a given value of gain the greatest reduction 
in 80(t)r.m.s. will be obtained with a compensation network which 
neither accentuates an existing peak nor produces any peak in the 
function 80 (ua)sd. Since a proportional plus derivative network 
has a response characteristic which rises over the range ual to ua2 
the use of such a network can never have the effect of accentuating 
or producing a peak. This may be seen from an examination of (36) 
for, if Ys(jua) exhibits a rising response characteristic over the 
range ail to m2, 
1 
Ya(jua) 
Therefore in this case the entire function Q0(111) sd will be reduced 
by at least twice the increase of the system gain in decibels. 
Also for a torque load disturbance peak in the upper range of 
2 
will decrease over this range. 
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the servomechanism response range the peak would be attenuated by 
the use of such a network which would result in a further decrease 
in Q0(t)r.m.s. However since the proportional plus integral net- 
work has a decreasing response characteristic over the range 1111 to 
1 2 
Ya(Jul) 
such a network should certainly not be used for values of 1112 less 
than the value of tu at the peak in TL(ua )sd° 
u12 the function will rise over this range. Thus, 
In the limit, if ua2 
is much less than the value of ua at the peak, the increase in gain 
will be exactly nullified by the variation of the function 
1 
Ya(Jul) 
with frequency. For the case where the peak in TL(tu sd occurs 
within the range all to ux2 (as in the case for curve (b) of 
Fig. 20) the degree of improvement will vary with the particular 
function TL(u0sd being considered. 
With reference to (13) and (14a) it is seen that, for a system 
which utilizes an auxiliary feedback loop, the output due to a 
go(Jul) 
torque load disturbance for a given response function 
Qi(jua) 
is independent of the characteristics of the feedback path itself. 
It is often possible to increase the gain of a system by the use 
of an auxiliary feedback loop without introducing any network 
having a special response function directly into the error channel 
of the system itself. This method may often be used in place of 
the proportional plus integral compensation method where the latter 
is found to result in a peak in the torque load output function 
which either nullifies or severely reduces the effectiveness of the 
intended reduction in the value of the r.m.s. output. 
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As was mentioned previously it is also possible to achieve a 
reduction in the effect of the torque load disturbance having a 
peaked spectral density function by attenuating the peak alone 
while keeping the gain of the system constant. It should, how- 
ever, be realized that such a method would seldom if ever be used 
as such since an increase in the gain of the servomechanism is 
almost never undesirable. Also the network that is required to 
achieve this peak reduction is generally more complex than that 
required to achieve an increase in gain which would result in the 
same reduction in Q0(t) r.m.s. This method will however be briefly 
described since the particular manipulations involved clearly illus- 
trate the effect of variations of the function Ya(juu) alone on 
the output function e0 (uu)sd. Actually it is possible that for an 
extreme torque load disturbance condition it might be desirable 
to use this method in conjunction with a suitable gain increase as 
a means of procuring a satisfactorily small value of Q0(t) 
The graphical manipulations involved in this particular study 
are shown on Fig. 19 where curve (a) is the previously shown plot 
of T L (ua) sd and curves (b) are the plots of magnitude and argument 
of Yo(jua) where ttis response function is as defined for the other 
illustrations. It is clearly impossible to reduce the peak for the 
particular torque load disturbance function being considered by the 
use of the simple proportional plus derivative network since, in 
order to reduce the peak, the constant ui 2 of the network would 
have to be less than the value of ua at the peak and a network of 
this type would lead to a considerable decrease in the value of the 
overall available system gain consistent with the stability require- 
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meats of the system. 
It is, however, possible to use a combination of both the pro - 
portional plus derivative and the proportional plus integral net- 
works in such a way that the resulting response functLon)ra(lui) 
ro(jui) is the same as Yo(jul) alone in the critical region near 
1. In this particular case the constants for the derivative 
network are taken as ulids 0.001 and ui2d = 0.008 while those for 
the integral network are taken as uzli = 0.008 and u121 = 0.064. 
Since in each case the intervals uil to u1.2 include the same num- 
ber of octaves, the net effect of this combination of networks is 
negligible for values of ul considerably greater than in n 0.064. 
Thus it has no effect on the overall error charnel response function 
for values of In near unity. The transfer function of this parti- 
cular network is plotted as curves (c) of Fig. 19 where the dashed 
line is the asymptotic plot of the magnitude function. It will be 
noted that the argument plot has been reduced by 90 degrees to 
simplify the plotting procedure. The curves (d) are the magnitude 
and argument plots far the function Ya(jui) Yo(jui) and the magni- 
QoUlu ) tude of the system response function for a gain of four 
Qi(jua) 
decibels is shown as (e). It is seen that (e) of Fig. 19 is almost 
identical to (a) of Fig. 17 and that in each case a gain of four 
decibels was used. 
If in accordance with (36), twice the value of the magnitude 
plot (c) is subtracted from (a), the torque load spectral density 
function, a plot of Q0(ul )3(1 will result. This function, neglecting 
the constant factor of eight decibels, is shown as (f) of Fig. 19. 
The reduction in the peak of 80(ua )sd is clearly seen by a compari- 
son of (f) and (a). If for each value of ui the decibel magnitude 
of the function Gs(ua )sd here shown as (e) is reduced by a factor 
equal to twice the gain of the elements Ys(jua) Ym(jua) and the 
resultant function then converted to a linear scale a linear plot 
of As(ux)sd versus ui will be obtained. This plot is shown as 
(d) of Fig. 20. It is clearly evident that only the peak of the 
function was reduced since curve (d) approaches the curve (a) for 
both low and high values of in. 
In passing it should be noted that a somewhat similar solution 
might be obtained by a suitable auxiliary feedback loop used in 
conjunction with a simple proportional plus derivative network 
inserted in the error channel with the value of ui 2 for the net- 
work less than the value of ui at the peak in TL on )3d. 
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Fig. 19 Graphical analysis used to determine Go(uu )sd for a servomechanism 
utilizing special torque load compensation. 
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Fig. 20 Linear plots of 00(ua )sd obtained for various 
types of torque load conpensation. 
60 
CONCLUSION 
In view of the previous discussion it is seen that the output 
which results from the application of a torque load disturbance to 
a servomechanism may best be analyzed by first separating the torque 
load disturbance function into its steady state, periodic and ran- 
dom components. The effect of each component may then be evaluated 
separately and the overall output obtained as a combination of the 
separate outputs. In each case the method of analysis was based 
on equations derived from the special transfer function diagram 
which is required when the effect of a torque load disturbance is 
to be considered. In the case of the steady state torque the re- 
sults may be obtained by a simple substitution of the appropriate 
values into the formulas derived. For the case of the periodic 
component of torque load the analysis may be carried out either by 
direct substitution into the equations ar by an equivalent graphi- 
cal analysis. However, in the case of the random component of 
torque load only the graphical method of analysis was discussed. 
In this particular discussion no consideration was given to the 
problem of obtaining the expressions for the three components of 
the torque load disturbance function in the form required from a 
given set of empirical data which determines the torque load dis- 
turbance as a general function of time. In the case of a torque 
load disturbance function such as was illustrated in Fig. 13 this 
might constitute a rather complex and lengthy problem. However, the 
methods of handling such a problem are discussed in the references 
herein cited, and in any practical servomechanism problem wherein a 
random varying torque load disturbance is encountered this separs- 
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tion of the function into its various components must be made 
before the methods illustrated in this discussion may be applied. 
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